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We propose a scheme for quantum teleportation between two qubits, coupled sequentially to
a cavity field. An implementation of the scheme is analyzed with superconducting qubits and a
transmission line resonator, where measurements are restricted to continuous probing of the field
leaking from the resonator rather than instantaneous projective Bell state measurement. We show
that the past quantum state formalism [S. Gammelmark et al, Phys. Rev. 111, 160401] can be
successfully applied to estimate what would have been the most likely Bell measurement outcome
conditioned on our continuous signal record. This information determines which local operation on
the target qubit yields the optimal teleportation fidelity. Our results emphasize the significance of
applying a detailed analysis of quantum measurements in feed-forward protocols in non-ideal leaky
quantum systems.
I. INTRODUCTION
Quantum teleportation [1] is a protocol allowing the
application of non-local quantum superposition states in
quantum information [2], computation [3], and cryptogra-
phy [4]. Quantum teleportation has been experimentally
demonstrated in a number of systems [5–11], and it allows
two parties, A and B, who share a maximally entangled
state, to ’teleport’ an unknown quantum state, |ψ〉, from
the location of A to the location of B using only lo-
cal operations and classical communication. Quantum
teleportation is also refereed to as disembodied transfer,
emphasizing that no properties of the teleported quan-
tum state are at any time detectable in the spatial region
between the locations A and B.
We propose a scheme for teleportation between qubits,
where we use a cavity field as the communication channel,
see Fig. 1. After preparation of an entangled state of the
cavity field and qubit B, the qubit is detuned away from
the cavity resonance and no longer interacts with the
field. A measurement of the joint state of the field and
the unknown state |ψ〉 of qubit A, now leads to a random
outcome and an accompanying measurement back action
on qubit B. Neither the measurement outcome nor the
projected state of qubit B reveal any property of |ψ〉.
But, the measurement outcome can be communicated
classically to select and implement a local unitary on
qubit B which finally prepares it in the state |ψ〉.
So far, the description of our proposal follows the pro-
tocols applied in teleportation experiments between two
ions, coupled sequentially to a third ion [7, 8] and be-
tween superconducting qubits, coupled sequentially to a
third superconducting qubit [10], with the main differ-
ences being that the communication channel is a different
physical system, extending over both locations A and B
(but decoupled by frequency detuning of the components).
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FIG. 1. Quantum circuit implementing teleportation of an un-
known state of a qubit A to another physical qubit B. System
C is a harmonic oscillator, initially entangled with qubit B:
a B qubit superposition state, prepared by the pi/2-rotation
R, interacts dispersively with a coherent state |β〉C , prepared
by the displacement operator D. The symbol in the figure
indicates that resulting, conditional change of phase of the
coherent state amplitude to |−β〉C is equivalent to C-NOT
gate on the effective oscillator qubit states. A Bell measure-
ment in the discrete basis of A qubit states and coherent states
|±β〉C is accomplished by a dispersive interaction between the
systems followed by probing the field leaking from the cavity
and then dispersively probing the state of the qubit A in a
rotated (by H) basis. Finally qubit B is subject to a unitary
operation depending on the outcome of the Bell measurement.
The protocol is explained in detail in the text.
While a cavity field offers continuous variable teleporta-
tion [4], to teleport the discrete states of qubits we employ
the so-called hybrid quantum teleportation schemes [12]
where a qubit degree of freedom is associated with a pair
of coherent states of the field. For the initial entangle-
ment generation we use that a moderately detuned qubit
causes a qubit-state dependent frequency shift of the cav-
ity, equivalent to a frequency shift arising from a Kerr
effect [13, 14]. While a Bell state measurement convention-
ally involves projective measurements on both subsystems,
our procedure consist of sequential steps where we only
probe the signal leaking from the cavity by homodyne de-
tection [15]. The restriction of our readout mechanism to
continuous homodyne probing rather than instantaneous
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2projective measurements requires a signal analysis to infer
the optimal local operation on the isolated target qubit
B. In this article we compare the direct application of
the accumulated signal as an approximate measurement
of the state of the system to a Bayesian analysis which
attempts to retrodict from the whole signal record what
would have been the most likely outcome of a projective
measurement at the beginning of the probing sequence.
Such inference problems, accounting for our knowledge
about the state of a quantum system at a (past) time
t are of the type addressed by the past quantum state
(PQS) formalism [16].
We note that our use of retrodiction in connection with
teleportation is related to delayed-choice experiments
and to implementation of entanglement swapping pro-
tocols, where the heralding of a certain entangled state
was only done after the state had already been detected
and consumed [17, 18]. In this, article however, we do
not aim to herald past states, but we shall rather use
the past quantum state formalism, to infer which local
operation may best accomplish the teleportation proto-
col. We demonstrate how our protocol is implemented in
circuit QED, where cavities and qubits are constructed
by superconducting waveguides and Josephson junctions
respectively [19, 20], but the analysis is general and can
in principle be implemented in any system where the
readout out of one or some of the components occurs se-
quentially and simultaneously with unitary or dissipative
dynamics. The improvement over a more straightforward
measurement and feed-forward protocol is the main result
of this work.
The paper is organized as follows: In Sec. II we describe
our physical model and teleportation scheme. In Sec. III
we simulate the dynamics during continuous probing of
the system and we present a simple signal analysis for
the teleportation protocol. In Sec. IV we apply the past
quantum state analysis to (simulated) measurement data,
and we show that we can obtain better teleportation
fidelities from this approach. We present our conclusions
and an outlook in Sec. VI.
II. THE PROTOCOL
The protocol that we are proposing is depicted in Fig. 1.
We consider two qubits and one cavity. At the beginning,
one of the qubits, A, is in the unknown state, |ψ〉A, that
we intend to teleport. The second qubit, B, and the
cavity are in the qubit ground state |0〉B and the oscillator
ground state |0〉C . We use the subscripts A, B, C for
qubit A, qubit B and cavity respectively.
The teleportation protocol consists of three steps [1].
First we create an entangled state between the qubit B
and the cavity (a qubit-cavity Bell state) [21–23]. Then,
we perform a Bell state measurement of A and C, in-
volving an entangling gate operation and probing of the
field amplitude, followed by a field measurement that is
sensitive to the qubit state. The third and final step is the
application of a unitary operation on the qubit B chosen
according to the outcome of the field measurements. Ide-
ally, the combined protocol returns qubit B in the desired
state |ψ〉B .
We encode a qubit degree of freedom in a pair of coher-
ent states |±β〉C of the cavity oscillator, and we prepare
a Bell state between B and C by first exciting the os-
cillator coherent state |β〉C and a qubit B superposition
state: (
√
2)−1(|0〉B + |1〉B), followed by a dispersive in-
teraction between the two systems which implements a
qubit-controlled phase shift of the coherent state ampli-
tude,
|φ〉BC = UBC 1√
2
(|0〉B + |1〉B)|β〉C
=
1√
2
(|0〉B ⊗ |β〉C + |1〉B ⊗ |−β〉C).
The operation UBC is equivalent to a C-NOT gate on
the effective qubit subspace of the oscillator spanned by
|±β〉C and the resulting state is equivalent to a two-qubit
Bell state in the limit of a vanishing overlap of the two
coherent states, 〈−β|β〉 = exp(−2|β|2) ≈ 0. We shall
apply β ' 2 in our simulations resulting in a non-zero
overlap and a correspondingly reduced fidelity of our
protocol. We emphasize that after the state, |φ〉BC , is
generated, qubit B is not interacting with the cavity
any further and the protocol is formally equivalent to
true teleportation among spatially separated quantum
systems.
The full system is now in a product state of the unknown
qubit state |ψ〉A = α0|0〉A + α1|1〉A, and the entangled
Bell-like state of the qubit B and the cavity C, |φ〉BC ,
and following the teleportation procedure a Bell state
measurement is performed on qubit A and the cavity
C. The Bell measurements can be decomposed into the
application of a C-NOT gate and a qubit A rotation,
followed by qubit projective measurements on the separate
systems A and C. By expanding the state:
HAUAC |ψ〉A|φ〉BC = 1
2
[|0〉A(α0|0〉B + α1|1〉B)|β〉C
+ |0〉A(α0|1〉B + α1|0〉B)|−β〉C
+ |1〉A(α0|0〉B − α1|1〉B)|β〉C
+ |1〉A(α0|1〉B − α1|0〉B)|−β〉C ]. (1)
We see, that depending on the measurement on qubit A
and the cavity, the conditional state of qubit B acquires
the unknown state amplitudes of the input state, and
we can immediately read out the conditional mapping
between the qubit B output state and the input state:
0A, βC 7→ α0|0〉B + α1|1〉B = |ψ〉B
0A,−βC 7→ α0|1〉B + α1|0〉B = σxB |ψ〉B
1A, βC 7→ α0|0〉B − α1|1〉B = σzB |ψ〉B
1A,−βC 7→ α0|1〉B − α1|0〉B = −iσyB |ψ〉B , (2)
expressed in terms of the single-qubit Pauli operators
σx, σy, σz.
3The four Bell state measurement outcomes (2) occur
with equal probabilities, independently of the input state,
and they hence reveal no information about the teleported
state. In the experiment, one merely has to perform the
measurements, and the combination of the measurement
back action on qubit B due to the entanglement with
the cavity and the conditional unitary operation, cf., (2)
should ensure the correct state transfer.
Now, in the architecture, presented in the next section,
we restrict ourselves to continuous homodyne detection of
the output signal from the resonator. Such measurement
can be used to first distinguish the coherent states, |±β〉,
as the field leaks from the cavity and, subsequently, we
can drive the cavity with a resonant input field, which un-
dergoes a phase shift due to the interaction with qubit A
and which hence permits detection of the qubit state [15].
Both measurements are noisy and take time, but since
qubit B is not addressed during the probing, we assume
that the optimal unitary operation on B after the mea-
surement is complete, is the one pertaining to our best
estimate of which Bell state was occupied at the initial
time of the measurement (t = 0 in Fig. 2). To assess the
fidelity of our protocol, we choose random input states,
simulate the protocol and, in particular, the probing, and
we check how well our different strategies succeed on av-
erage in teleporting the state. Note, however, that since
our strategies should not invoke any knowledge of the
input state, we are not allowed to use any properties of
the conditioned quantum state in the choice of operations
on the system. We shall thus design the procedure to
depend only on the simulated signal (equivalent to an
FIG. 2. Schematic representation of the time dependent mea-
surement procedure. Our implementation uses continuous
homodyne observation of the field emitted by the cavity, and
after preparation of the entangled and input states and the
controlled unitary operations on the input qubit and the cavity,
we read out first the leaking cavity field amplitude and, subse-
quently, we drive the cavity and use the dispersive interaction
to probe the state of qubit A. Both measurements are subject
to noise and they take a finite duration, and in the text we
compare two analyses of the signals leading to different choices
for the optimal operation on the undisturbed target qubit
B: a direct approach based merely on the integrated signals,
and an approach using the past quantum state formalism to
retrodict what would have been the most likely projective Bell
measurement outcome at the earlier time t = 0.
actual measured signal in an experiment).
There has been a number of successful proposals for
tests and analyses of the teleportation protocol based on
the study of the density matrix describing the system
as a whole, i.e. including the entangled pair and the
state to be teleported [24–27]. The evaluation of a for-
ward evolution of a quantum master equation, however,
requires prior knowledge of the initial state, which is not
known. This can be compensated by averaging over all
possible initial state or by adding an ancillary degree of
freedom [28]. Our approach, on the other hand, does not
presuppose anything about the state to be teleported and
is experimentally reproducible for any state |ψ〉A.
III. IMPLEMENTATION AND SIMULATION
We shall implement the protocol with two qubits and a
cavity field, illustrated in a quantum optics and in a circuit
QED schematic in Fig. 3. A two-level system coupled
to a cavity field is described by the Jaynes-Cummings
Hamiltonian,
H = ωra
†a+
Ωq
2
σz + g(a
†σ− + aσ+), (3)
where a(a†) is the annihilation (creation) operator for
the field in the cavity, σ−(+) is the lowering (raising) op-
erator for the two-level system, ωr is cavity frequency,
Ωq is the qubit frequency and g is the coupling strength.
This Hamiltonian has been demonstrated with numerous
effective two-level systems coupling to cavity fields, e.g.
atoms [29], quantum dots [30] and in particular super-
conducting qubits in circuit QED [19, 20]. In the regime
where the detuning between the cavity and qubit fre-
quencies, ∆ = Ωq − ωr, is much larger than the coupling
FIG. 3. Schematic presentation of the experimental setup.
Panel (a) depicts a quantum optics rendering of the experiment
with optical homodyne detection, while panel (b) shows the
scheme for superconducting circuits with two transmon qubits,
one resonator cavity and a Josephson parametric amplifier
(JPA) for amplification and measuerement of a field qudrature
variable.
4strength, g, we arrive at the dispersive Hamiltonian
H = ωra
†a+
Ωq
2
σz + χσza
†a, (4)
with the dispersive coupling χ = g2/∆. In circuit QED,
the two-level systems are superconducting qubits and the
cavity field is the microwave field of a coplanar waveguide
or the field within a 3D microwave cavity. Circuit QED
also makes it possible to tune the frequency of qubits and
thereby the dispersive coupling χ and similarly a transmon
with tunable coupling, g, can be constructed [31, 32]. In
the relevant regime of transmon qubits [33], χ, attains a
form similar to the result for general two-level systems
(see Appendix A).
Considering the scheme presented in Sec. II we have
two qubits dispersively coupled to the cavity field. We ini-
tialize the system such that χA = χB ≈ 0 (see Appendix
A). A coherent displacement of the cavity field is achieved
by applying a coherent drive, Hd = d(t)a
† + ∗d(t)a, to
the cavity. Similarly, a single qubit rotation can prepare
the qubit in an arbitrary superposition state, as required
for the input state and for the protocol. Tuning qubit
B close to resonance with the cavity yields a non-zero
dispersive coupling, χB > 0. This results in the applica-
tion of a phase gate, UBC , when the dispersive interaction
is active for a time τ = pi/χB [23] (details presented in
Appendix A), and we obtain the Bell-state required for
the teleportation protocol. The same gate is equivalently
applied for qubit A later in the protocol, where qubit B
is far-detuned from the cavity and, thus, well-separated,
albeit in frequency space rather than in physical space.
For the readout we leave both qubits far-detuned from
the cavity, and we monitor the signal leaking from the cav-
ity using a quantum-limited parametric amplifier [34–37]
which performs a highly efficient homodyne detection. As
we are not directly measuring the intra cavity field quadra-
ture Xc = a + a
† but the radiation emitted over time,
we describe the dynamical evolution of the homodyne
measurement by the stochastic master equation [38]
dρ = −i[H, ρ] dt+ κ
(
aρa† − 1
2
(a†aρ+ ρa†a)
)
dt
+
√
κη
(
aρ+ ρa† − Tr(Xcρ) ρ
)
dW (t), (5)
with κ being the linewidth of the cavity and dW (t) being a
stochastic Gaussian process with 〈dW 2〉 = dt and 〈dW 〉 =
0 which represents the stochastic part of the homodyne
measurement signal
J(t) =
√
κηTr(Xcρ) +
dW (t)
dt
, (6)
which directly corresponds to the experimentally available
current. The stochastic part is zero in the mean and
averaging J(t) over time yields the quantity
Sβ = sign
(∫ Tβ
0
J(t) dt
)
. (7)
which can be used to distinguish the two states |β〉 and
|−β〉 as they lead to mean amplitude signals with opposite
sign. The integral (7) includes a noise component which
is dominant for short integration times, and the duration
Tβ , devoted to distinguish ±β should be chosen on the
order of the cavity lifetime κ−1, after which the signal
has decayed.
As a next step, the frequency of qubit A is tuned close
to the cavity resonance and a non-zero dispersive shift is
obtained, that we can probe via the phase of a transmitted
coherent drive with constant amplitude r. The mean-field
coherent state amplitude of the cavity field now follows
the equation
d
dt
β = −iχA〈σz〉β − κ
2
β − ir, (8)
where χA is the dispersive shift. The steady state solution
(dβss/dt = 0) yields
βss =
−i rκ− 2rχA〈σz〉
κ2
2 + 2χ
2
A〈σz〉2
(9)
with the real part, probed by the JPA,
Re(βss) =
−2rχA〈σz〉
κ2
2 + 2χ
2
A〈σz〉2
. (10)
The sign of the average integrated signal is in steady
state governed by the sign of 〈σz〉, i.e., the qubit state.
To avoid transient contributions without a definite sign
to the signal, we accumulate the probe signal after a
finite waiting time Tw, that we shall identify by numerical
optimization,
SA = sign
(∫ Tβ+Tm
Tβ+Tw
J(t) dt
)
. (11)
A negative sign of this integrated current implies the ex-
cited state qubit |1〉, while a positive sign corresponds to
the ground state |0〉. The measurement may be in error
due to the Gaussian noise contribution to the integrated
signal, but the readout is a quantum non-demolition mea-
surement, and increasing Tm will increase the measure-
ment fidelity until we approach the qubit lifetime.
Knowing the time dependent mean field envelopes dur-
ing the two probing periods allows accumulation of the
signal with a time dependent weight factor. We have
implemented such weighing, but for our parameters we
did not see a significant change of the resulting teleporta-
tion fidelity, beyond what we achieve by optimizing the
parameters Tβ , Tm and Tw.
IV. PAST QUANTUM STATE SIMULATION
The past quantum state (PQS) formalism is a gener-
alization of classical smoothing algorithms and of the
so-called forward-backward analysis of hidden Markov
5models [39, 40] to the case of quantum states. The aim of
the formalism is to infer from measurements on quantum
system before and after a given time t what would have
been the outcome of an arbitrary measurement if carried
out at time t. It may also be viewed as a generaliza-
tion of the Aharonov, Bergmann and Leibowitz (ABL)
rule, for projective measurements performed between the
preparation and post-selection of a quantum system in
arbitrary pure states [41], and of the theory of weak value
measurements for the post selected average of weak, non-
projective measurements [42]. It exactly reproduces the
results of these theories, but for our case of dynamically
evolving and continuously monitored quantum systems
we shall need the more general theory of [16].
Conventionally, our knowledge about a quantum system
subject to damping, Hamitonian evolution and measure-
ments is governed by a density matrix ρ(t), which may be
calculated by use of a stochatic master equation that incor-
porates the effect of measurements prior to t, cf., Eq. (5).
This density matrix, ρ(t), yields the probability for the
outcome of any measurement on the system as represented
most generally by positive operator valued measures [2]
(POVMs), {Mi}, with
∑
iM
†
iMi = 1, for which outcome
i occurs with the probability, pρ(i) = Tr(MiρM
†
i ).
The further knowledge due to later measurements is
represented by another matrix E(t), which together with
ρ(t) yields the POVM outcome probabilities, conditioned
on all, earlier and later measurements on the system
[16, 43],
p(i) =
Tr(MiρM
†
i E)∑
i Tr(MiρM
†
i E)
. (12)
This expression follows from a quantum mechanical analy-
sis of the measurement situation [16] and it has important
qualitative and quantitative consequences as illustrated
and verified in recent experiments with atoms and with
superconducting qubits [44–46].
In practical calculations we find E(t) by solving a
stochastic master equation backwards in time from the
last moment, T , of measurements, where E(T ) = 1. The
master equation for E is the adjoint to the master equation
for ρ(t), and it involves the same measurement current
signal J(t) as applied for the calculation of ρ(t). While
ρ(t) only depends on J(t′) for t′ ≤ t, E(t) depends on
J(t′) for t′ ≥ t. From Eq. (5), we thus obtain
dE = i[H,E] dt+ κ
(
a†Ea− 1
2
(a†aE + Ea†a)
)
dt
+
√
ηκJ(t)
(
a†E + Ea
)
dt. (13)
Note that a c-number term is missing compared to Eq.(5).
This will only affect a common factor on E, but since the
adjoint master equation is not trace preserving anyway,
and since Eq. (12) explicitly renormalizes the probabili-
ties, this does not affect retrodictions made by the theory.
Our aim is to infer which action to apply on the target
qubit. Under ideal circumstances this action is inferred
from a projective Bell state measurement at time t = 0,
but we are not able to perform that measurement. As an
alternative candidate procedure, we shall employ the past
quantum state formalism to infer from our continuous
measurements until the later time T = Tβ + Tm what
would have been the most likely outcome of a projective
Bell measurement, if it had taken place at t = 0.
Without knowing the input state |ψ〉A, our prior knowl-
edge about the outcome is equivalent to a fully mixed
density matrix ρ(t = 0) ∝ 1/4 on the tensor product
state space of |0〉A, |1〉A and |β〉C , |−β〉C . We calculate
E(0) by solving the backward evolution Eq. (13) from
T = Tβ + Tm to 0 (note that we need only to solve this
equation for the cavity and qubit A, as qubit B is a pas-
sive spectator under the homodyne detection sequences).
Finally, to retrodict the most likely Bell state outcome,
the gates are performed according to Fig. 1 and then we
need the outcome of a qubit A projective measurement,
and a measurement of the sign of the intra cavity field
quadrature (see Eq. (2)).
This measurement is described by the POVM
Mi = |i〉A|X〉CC〈X|A〈i|, (14)
where X = ±β and i = 0, 1. This, together with the
backward evolution (13), gives us the tools for evaluating
the generalized Born rule (12) at the time zero and there-
fore calculate the outcome probabilities for the 4 different
outcomes of the Bell measurement (14).
Having used the PQS formalism to retrodict what would
have been the most likely Bell state outcome, in every
run of the experiment (simulation), we choose to apply
the corresponding unitary corrective operation on qubit
B as in Eq. (2). That state, in turn, can be directly
compared with the randomly chosen input state, and
we can determine the average fidelity of the protocol as
function of the physical parameters.
V. THE RESULTS
We carry out numerical simulations for a cavity with
a damping rate κ, initially prepared in a coherent state
with β = 2. We assume a dispersive interaction with
χ = 13.5κ, and a coherent drive of r = 2χ during the
qubit readout. We measure for a time T = Tβ + Tm and
we fix Tβ/T = 0.4. To represent real experiments, we also
perform simulations with different values of the detector
efficiency. With these parameters, the signal-to-noise
ratio is expected to only exceed unity for T larger than
1/κ [47]. The forward evolution of the conditioned master
equation, Eq. (5), yields the state of the entire system,
and after application of the unitary operation σB , chosen
according to Eq. (2), we obtain the reduced density matrix
of the target qubit, ρB = TrAC [σ
i
Bρ(T )σ
i
B ]. The overlap,
A〈ψ|ρB |ψ〉A, yields the fidelity of the final state and we
estimate the protocol fidelity as the average over the state
fidelities [24, 25] by choosing 500 random input states
from a uniform distribution over the Haar measure [48].
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FIG. 4. The fidelity of the protocol as a function of efficiency
pre- and post the past quantum state retrodiction is applied.
Here the dashed red curve is the results obtained used the
avereging in Eqs. (7) and (11), while the solid blue curve is
the fidelity obtained using the past quantum state analysis
to estimate the most like Bell-measurement outcome. The
parameters used in the simulations are explained in the text.
The results of such simulations are shown as function of
the detector efficiency in Fig. 4 and as function of the
probing time in Fig. 5, where the red dashed lines show
the fidelity of the procedure when σB is chosen from the
values of the integrated homodyne signals and the solid
blue lines show the result when the past quantum state
retrodiction is applied. For low detector efficiency and for
short probing times, the methods have comparable and
rather low fidelities, while for higher efficiencies and longer
probing times, the past quantum state protocol generally
performs better. In Fig. 4 (b) we see that the short
readout time does provide enough data for more than a
marginal improvement while the long readout time in Fig.
4 (c), accumulates enough data that also the integrated
signal allows a good estimation of the optimal σB, and
hence there is less room for improvement. Our interest
in the intermediate probing time in Fig. 4 (a), where the
past quantum state offers the largest improvement, is
motivated by the existence of incoherent processes in the
qubit B, which is not included in the present analysis but
which will become important for long probing times.
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FIG. 5. The fidelity of the protocol as a function of the total
measuring time after the gates were applied. Each panel
displays the fidelity of the protocol for the efficiency shown in
the panel with the parameters explained in the main text.
VI. OUTLOOK AND CONCLUSION
We have presented a scheme for quantum teleporta-
tion between two qubits taking turns interacting with a
resonant cavity mode. Subsequent application of a con-
tinuous, homodyne measurement of the signal leaking
from the cavity constitutes an approximate Bell state
measurement. The accomplishment of this readout is sig-
nificantly restricted by the measurement noise. Using a
Bayesian analysis, in the form of the past quantum state
formalism, we show that it is possible to increase the
fidelity of the protocol over schemes based on the value
of the integrated signal alone. The protocol is not exact,
and its high fidelity limit merges naturally with the limit
where also the integrated signal yields a successful out-
come. We thus imagine that the main improvement will
be for parameters where, e.g., decoherence and decay of
the qubit components forbid high signal-to-noise probing
of the system. Our results suggest that similar detailed
analyses may improve other protocols implemented in
leaky continuously monitored quantum systems.
Our protocol was exemplified in a circuit QED setup
with an experimentally motivated preparation of the ini-
tial entangled state. We note, however, that the prepa-
ration of this initial state is not unique. For example,
state-of-the-art remote entanglement schemes [49, 50]
could be adapted to perform the state preparation. Simi-
larly, after the state preparation, the target qubit state
may be transferred to travelling microwave photons [51–
53] without changing the rest of the protocol presented
here. Moreover, the method can be easily translated to
any other platform with a cavity and two-level systems.
Our technique can be generalized to experimental realiza-
tion of entanglement swapping [54], where a mixed state
(one half of maximally entangled pair in particular) is
7teleported instead of a pure one.
Admittedly, quantum teleportation as a quantum pro-
tocol was originally formulated with the state transfer
over very long distances in mind. In a circuit QED set-
ting we can only teleport the state between two qubits
with the relatively small state separation inside of the
resonator. However, the length of a resonator can be up
to centimeters, so it can still cover considerable distance
on a chip. A network of resonators and qubits could be
used for implementation of a quantum repeater [55] for
arbitrary entanglement swapping on the large chip. While
there are other techniques available for remote entangle-
ment distribution [49, 50, 56], the teleportation scheme
presented here provides a tool to explore a much wider
range of quantum computation and communication pro-
tocols in a circuit QED system. Quantum teleporation
for instance provides a universal resource for quantum
computing [3] and plays a role in quantum error correc-
tion schemes [57], in particular in measurement based
quantum computing [58–60]. Teleportation based tech-
niques are also essential for modular approaches to both
distributed quantum computing [61] and quantum error
correction [62].
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Appendix A: Tunability and gates with transmon
qubits
A transmon qubit is a superconducting qubit consisting
of a Josephson junction shunted with a large capacitance.
The Hamiltonian describing the transmon is given as [33]
H = 4EC nˆ
2 − EJ cos φˆ (A1)
with nˆ the Cooper-pair number on the superconducting
island, φˆ the phase drop across the junction and the
Josephson energy, EJ set much larger than the charging
energy, EC . Due to the anharmonicity of the cosine po-
tential we can restrict the dynamics to the two lowest
lying states, such that we have the qubit Hamiltonian
H = Ωσz/2 with Ω =
√
8EJEC −EC (~ = 1). The trans-
mons are typically capacitively coupled to a transmission
line resonator such that we have the Jaynes Cummings
Hamiltonian
H = ωra
†a+
Ω
2
σz + g(a
†σ− + aσ+) (A2)
which in the off-resonant regime, |∆|  g with ∆ = Ω−ωr,
translates into the dispersive Hamiltonian
H ≈ ωra†a+ Ω
2
σz + χσz a
†a. (A3)
The transmon is, however, not a true two-level system; the
Hamiltonian (A1) supports many levels and the energy
difference between the second transition frequency, Ω21,
and the first can be found to be
α = Ω21 − Ω = −EC . (A4)
The third level therefore influence the off-resonant cou-
pling and we can calculate the dispersive shift [33]
χ = −g2 EC
∆(∆− EC) . (A5)
Let us now show how to use this coupling for the con-
trolled phase gate used in the main text. For this gate,
we need χ to be tunable, which can be achieved by us-
ing a tunable g or by tuning the frequency. The fre-
quency can be tuned simply by replacing the single Joseph-
son junction with a SQUID, such that the external flux
through the SQUID changes the Josephson energy as
EJ(Φx) = EJ(0)| cos Φx|.
For our scheme we would have a resonator with a larger
frequency than the qubits and we initially park the qubits
at a flux Φ0x > 0, such that we have a very large detuning.
By slowly changing the flux, we can tune the frequency
e.g. as a Gaussian pulse,
∆(t) =

∆0 −∆te−(t−t0)2/τ2 for t < t0
∆0 −∆t for t0 ≤ t ≤ t1
∆0 −∆te−(t−t1)2/τ2 for t1 < t,
(A6)
with Φx(t) = 0 for t0 ≤ t ≤ t1. Now, the accumulated
phase on a coherent state in the resonator will be
φ(t1 − t0) =
∫ t1+5τ
t0−5τ
2χ(t) dt (A7)
= −
∫ t1+5τ
t0−5τ
2g2
EC
∆(t)(∆(t)− EC) dt, (A8)
with the cut-off set at 5τ and by choosing the waiting
time t1 − t0 = tpi we can find φ(tpi) = −pi, which will
implement the phase gate.
To account for the parameters used in the simulation
of the main text we can calculate all quantities using
experimentally realistic values. We want to use a fairly
high quality resonator so we use a linewidth of κ = 2pi ×
150 kHz. For the qubit we fix the charging energy at
EC = 2pi × 300 MHz and use EJ/EC = 75, which yields
a qubit frequency of 2pi × 7.35 GHz. We couple the qubit
weakly to the resonator with a coupling g = 2pi× 31 MHz
and fix the resonator frequency at ωr − Ω = 2pi × 250
MHz. This yield a dispersive shift of χ = 2pi × 2.1 MHz.
We can now tune the flux to Φ0x = 0.3pi, which will give
∆t = 2pi×1.9 GHz and make χ much smaller than κ when
the qubit is set at the Φ0x. For the phase gate we used
a duration of τ = 10 ns and we use the same duration
when tuning the qubit into the readout position at the
end of our scheme.
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